A composite iterative algorithm for common fixed points for a finite family of nonexpansive mappings and applications  by Hu, Liang-Gen & Liu, Li-Wei
Journal of Computational and Applied Mathematics 233 (2010) 1987–1994
Contents lists available at ScienceDirect
Journal of Computational and Applied
Mathematics
journal homepage: www.elsevier.com/locate/cam
A composite iterative algorithm for common fixed points for a finite
family of nonexpansive mappings and applications
Liang-Gen Hu a,∗, Li-Wei Liu b
a Department of Mathematics, Ningbo University, Ningbo, 315211, PR China
b Department of Mathematics, Nanchang University, Nanchang, 330031, PR China
a r t i c l e i n f o
Article history:
Received 23 March 2009
Received in revised form 12 August 2009
MSC:
47H10
47H17
49J30
Keywords:
Nonexpansive mappings
Iterative algorithm
Common fixed points
Strong convergence
a b s t r a c t
This paper is concerned with a new composite iteration approximating to common fixed
points for a finite family of nonexpansive mappings in Banach spaces which have a uni-
formly Gâteaux differentiable norm. Utilizing the iterative algorithm, we obtain the strong
convergence theorems for a finite family of nonexpansive mappings. Furthermore, the
problem of image recovery is considered in the above result. Our results extend and
improve the corresponding results.
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1. Introduction
Let E be a real Banach space with the dual space of E∗ and K a nonempty closed convex subset of E. Let N ≥ 1 be a fixed
integer and setΛ = {1, 2, . . . ,N}. The normalized duality map J : E → 2E∗ is defined by
J(x) = {f ∈ E∗ : 〈x, f 〉 = ‖x‖2 = ‖f ‖2} , ∀x ∈ E,
where 〈·, ·〉 denotes the generalized duality pairing.
A mapping T : K → K is said to be nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖, for all x, y ∈ K . We denote by
Fix(T ) = {x ∈ K : Tx = x} the set of fixed points of T .
Let C be a nonempty subset of K and a mapping Q : K → C . Q is said to be sunny if Q (Qx + t(x − Qx)) = Qx for all
x ∈ K and t ≥ 0. Q is called a retraction if Q 2 = Q ; if a mapping Q is a retraction then Qx = x for any x ∈ R(Q ), the range of
Q . Q is said to be a sunny nonexpansive retraction if there exists a sunny nonexpansive retraction of K onto C (see [1,2]). If
E = H , the metric projection P is a sunny nonexpansive retraction from H to any closed convex subset of H . We know that
if E is smooth and Q is a retraction of K onto C , then Q is sunny and nonexpansive if and only if for each x ∈ K and z ∈ C ,
〈x− Qx, J(z − Qx)〉 ≤ 0 (see [3, Page 48]).
In the last twenty years or so, many papers have been written on the existence and convergence of fixed points for
nonlinear mappings, and strong and weak convergence theorems have been obtained by using some well-known iterative
processes (see, e.g., [4–6,3,7–13,1,2,14–20]). Recall that the so-called problem of image recovery is essential for finding a
common element for finitely many nonexpansive retraction K1, K2, . . ., KN of K with
⋂N
i=1 Ki 6= ∅. It is easy to see that every
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nonexpansive retraction Qi of K onto Ki is a nonexpansivemapping of K into itself. Therefore, the problem of image recovery
is equivalent to find a common fixed point for a finite family of nonexpansive mappings Q1, Q2, . . ., QN of K into itself. Many
mathematicians have considered the problem of image recovery and obtained some convergence results (see [6,10,15–17]).
In 2000, Takahashi and Shimoji [15] introduced an iterative algorithm for a finite family of nonexpansive mappings. Let
K be a nonempty closed convex subset of E. Let {Ti : i ∈ Λ} be a finite family of self-mappings and let {αni : i ∈ Λ} be real
number sequences in [0, 1). Define a mapping sequence {Wn} of K into itself as follows:
Un1 = (1− αn1)I + αn1T1
Un2 = (1− αn2)I + αn2T2Un1
...
UnN−1 = (1− αnN−1)I + αnN−1TN−1UnN−2
Wn = UnN = (1− αnN)I + αnNTNUnN−1.
(1.1)
For any x1 ∈ K , the sequence {xn} is defined by
xn+1 = Wnxn. (1.2)
Utilizing the iteration (1.2), they obtained weak convergence theorems for the problem of image recovery in a uniformly
convex Banach space which satisfies Opial’s condition or whose norm is Fréchet differentiable.
For the sake of obtaining strong convergence theorem to common fixed points, in 2007, Ceng, Cubiotti and Yao [6]
introduced a Halpern’s type iteration: For any u, x1 ∈ K , the sequence {xn} is defined by
xn+1 = αnu+ (1− αn)Wnxn, (1.3)
where {αn} is a real sequence in (0, 1) and {Wn} is defined by (1.1). In particular, they obtained the following main result:
Theorem 1.1 ([6, Theorem 3.1]). Let E be a reflexive Banach space whose norm is uniformly Gâteaux differentiable and which
has a weakly sequentially continuous duality mapping Jϕ with gauge function ϕ. Let K be a nonempty closed convex subset of
E and let {Ti : i ∈ Λ} : K → K be a finite family of nonexpansive mappings such that F := ⋂Ni=1 Fix(Ti) 6= ∅. Assume that{αni : i ∈ Λ} are real number sequences in [0, 1] with∑∞n=1 |αn+1i − αni| <∞ for each i ∈ Λ. Let {αn} be a sequence in (0, 1)
satisfying limn→∞ αn = 0,∑∞n=1 αn = ∞ and limn→∞ αn−1αn = 1. For any u, x1 ∈ K , the sequence {xn} is generated by (1.3). If
there exists a sunny nonexpansive retraction Q of K onto F such that sup{‖xn − Qy‖/ϕ(‖xn − Qy‖) : xn 6= Qy} <∞, then {xn}
converges strongly to Qy if and only if it holds for each i ∈ Λ that limn→∞ ‖xn − Tixn‖ = 0.
In this paper, we introduce a new composite iterative algorithm: Let {Ti : i ∈ Λ} : K → K be a finite family of
nonexpansive mappings and let {αni : i = 1, 2, . . . ,N − 1} be real number sequences in [0, 1]. For any u, x1 = x01 ∈ K , the
sequence {xn} is defined by{
xin = (1− αni)xi−1n + αniTixi−1n , i = 1, 2, . . . ,N − 1,
xn+1 = x0n+1 = xNn = αnu+ βnx0n + γnTNxN−1n , n ≥ 1, (1.4)
where {αn}, {βn} and {γn} are three real sequences in (0, 1) satisfying αn + βn + γn = 1. Using the iteration, we obtain the
strong convergence theorems for the iteration approximating to common fixed points for a finite family of nonexpansive
mappings. As an application, we consider the problem of image recovery and obtain the strong convergence theorem. As we
will see (Remarks 3.1 and 3.2 below), our theorems extend the corresponding results in [6,8,15–17]
2. Preliminaries
A Banach space E is said to have a Gâteaux differentiable norm if the limit
lim
t→0
‖x+ ty‖ − ‖x‖
t
(2.1)
exists for each x, y ∈ U , where U = {x ∈ E : ‖x‖ = 1}. In this case, E is called smooth. E is called a uniformly Gâteaux
differentiable norm if for each y ∈ U , the limit (2.1) is attained uniformly for x ∈ U . It is well known that if the norm of E is
uniformlyGâteaux differentiable norm, then the dualitymapping is single-valued and norm-to-weak∗ uniformly continuous
on each bounded subset of E. The norm of E is called Fréchet differentiable, if for each x ∈ U , the limit (2.1) uniformly for
y ∈ U . The norm of E is called uniformly Fréchet differentiable, if the limit (2.1) exists uniformly for x, y ∈ U . We know that
(uniformly) Fréchet differentiable norm of E implies (uniformly) Gâteaux differentiable norm of E.
Let ρE : [0,∞)→ [0,∞) be the modulus of smoothness of E defined by
ρE (τ ) = sup
{
1
2
(‖x+ y‖ + ‖x− y‖)− 1 : x ∈ U, ‖y‖ ≤ τ
}
.
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A Banach space E is said to be uniformly smooth if ρE (τ )
τ
→ 0 as τ → 0. Banach space E is uniformly smooth if and only if
the norm of E is uniformly Fréchet differentiable.
A Banach space E is said to be strict convex if for every x, y ∈ E,
‖x‖ = ‖y‖ = 1, x 6= y H⇒ ‖x+ y‖
2
< 1.
Lemma 2.1 ([14]). Let {xn} and {yn} be two bounded sequences in a Banach space E such that
xn+1 = βnxn + (1− βn)yn, n ≥ 0,
where {βn} is a sequence in (0, 1) such that 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Assume
lim sup
n→∞
(
‖yn+1 − yn‖ − ‖xn+1 − xn‖
)
≤ 0.
Then limn→∞ ‖yn − xn‖ = 0.
Lemma 2.2 ([5]). Let K be a nonempty closed convex subset of a strictly convex Banach space E. For each i ∈ Λ, Ti : K → E
is a nonexpansive mapping. If
⋂N
i=1 Fix(Ti) 6= ∅, then the mapping T :=
∑N
i=1 µiTi : K → E is a nonexpansive mapping and
Fix(T ) =⋂Ni=1 Fix(Ti), where µi ∈ (0, 1), i ∈ Λ and∑Ni=1 µi = 1.
Lemma 2.3 ([2]). Let K be a nonempty closed convex subset of a Banach space E which has uniformly Gâteaux differentiable
norm and T : K → K a nonexpansive mapping with Fix(T ) 6= ∅. Assume that every nonempty closed convex bounded subset of
K has the fixed points property for nonexpansive mappings. Then there exists a continuous path: t → zt , t ∈ (0, 1) satisfying
zt = tu+ (1− t)Tzt , for any u ∈ K , which converges to a fixed point of T .
Lemma 2.4. Let E be a real Banach space. Then the following inequality holds:
‖x+ y‖2 ≤ ‖x‖2 + 2〈y, j(x+ y)〉, ∀x, y ∈ E,∀j(x+ y) ∈ J(x+ y).
Lemma 2.5 ([19]). Let {an} be a sequence of nonnegative real numbers such that an+1 ≤ (1− δn)an+ δnξn+ηn, ∀n ≥ 0, where
{δn} is a sequence in [0, 1] and {ξn} is a sequence in R satisfying the following conditions:
(i).
∑∞
n=1 δn = +∞;
(ii). lim supn→∞ ξn ≤ 0 and
∑∞
n=1 ηn < +∞.
Then limn→∞ an = 0.
3. Main results
Throughout this paper, we assume that
(A1) limn→∞ αn = 0 and∑∞n=1 αn = ∞;
(A2) E is a real strict convex Banach space which has uniformly Ga˘teaux differentiable norm and K is a nonempty closed
convex subset of E.
Theorem 3.1. Let {Ti : i ∈ Λ} : K → K be a finite family of nonexpansive mappings such that ⋂Ni=1 Fix(Ti) 6= ∅. Assume that{zt} converges strongly to a fixed point z of a nonexpansive mapping S as t → 0, where zt is the unique element of K which
satisfies zt = tu+ (1− t)Szt for any u ∈ K . Assume that real sequences {αni : i = 1, 2, . . . ,N− 1}, {αn}, {βn} and {γn} in (0, 1)
satisfy the conditions:
(C1) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1, for all n ≥ 1;
(C2) limn→∞ |αn+1i − αni| = 0, i = 1, 2, . . . ,N − 1.
For any x1 = x01 ∈ K, the sequence {xn} is defined by{
xin = (1− αni)xi−1n + αniTixi−1n , i = 1, 2, . . . ,N − 1,
xn+1 = x0n+1 = xNn = αnu+ βnx0n + γnTNxN−1n , n ≥ 1. (3.1)
Then the sequence {xn} converges strongly to a common fixed point z of {Ti : i ∈ Λ} if and only if limn→∞ ‖xn − Tixn‖ = 0,
i = 1, 2, . . . ,N − 1.
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Proof. The necessity is obvious, so we will only prove the sufficiency. Suppose that limn→∞ ‖xn − Tixn‖ = 0, i =
1, 2, . . . ,N − 1. The proof will be split into four steps.
Step 1. The sequence {xn} is bounded.
Take p ∈⋂Ni=1 Fix(Ti). We get that for i = 1, 2, . . . ,N − 1,
‖xin − p‖ = ‖(1− αni)(xi−1n − p)+ αni(Tixi−1n − p)‖
≤ (1− αni)‖xi−1n − p‖ + αni‖xi−1n − p‖
= ‖xi−1n − p‖. (3.2)
In view of (3.1) and (3.2), we find
‖xn+1 − p‖ =
∥∥αn(u− p)+ βn(x0n − p)+ γn (TNxN−1n − p)∥∥
≤ αn‖u− p‖ + βn‖xn − p‖ + γn
∥∥xN−1n − p∥∥
≤ αn‖u− p‖ + (1− αn)‖xn − p‖
≤ max{‖u− p‖, ‖x1 − p‖}.
Therefore, {xn} is bounded and so are {xin : i ∈ Λ} and {Tixi−1n : i ∈ Λ}.
Step 2.We will show that limn→∞ ‖xn − TNxn‖ = 0.
Rewrite the iteration (3.1) as follows:
xn+1 = xNn = βnxn + (1− βn)
[
αn
αn + γn u+
γn
αn + γn TNx
N−1
n
]
= βnxn + (1− βn)zn,
where
zn = αn
αn + γn u+
γn
αn + γn TNx
N−1
n . (3.3)
Manipulating (3.3) yields
zn+1 − zn =
(
αn+1
αn+1 + γn+1 −
αn
αn + γn
)
u+
(
αn
αn + γn −
αn+1
αn+1 + γn+1
)
TNxN−1n+1 +
γn
αn + γn
(
TNxN−1n+1 − TNxN−1n
)
.
(3.4)
From (3.1), we get that for each i = 1, 2, . . . ,N − 1,∥∥xin+1 − xin∥∥ = ∥∥(1− αn+1i)xi−1n+1 + αn+1iTixi−1n+1 − (1− αni)xi−1n − αniTixi−1n ∥∥
≤ ∥∥(1− αni)(xi−1n+1 − xi−1n )+ αni(Tixi−1n+1 − Tixi−1n )∥∥+ |αni − αn+1i| ∥∥xi−1n+1 − Tixi−1n+1∥∥
≤ ∥∥xi−1n+1 − xi−1n ∥∥+ ani,
where
ani = |αni − αn+1i|
∥∥xi−1n+1 − Tixi−1n+1∥∥ . (3.5)
Therefore, we find
∥∥xN−1n+1 − xN−1n ∥∥ ≤ ‖xn+1 − xn‖ + N−1∑
i=1
ani. (3.6)
Combining (3.4) and (3.6) leads to
‖zn+1 − zn‖ ≤
∣∣∣∣ αn+1αn+1 + γn+1 − αnαn + γn
∣∣∣∣ ∥∥u− TNxN−1n+1 ∥∥+ γnαn + γn ‖xn+1 − xn‖ +
N−1∑
i=1
ani.
From the hypotheses and (3.5), it follows that
lim sup
n→∞
(
‖zn+1 − zn‖ − ‖xn+1 − xn‖
)
≤ 0.
Hence, by Lemma 2.1, we get
lim
n→∞ ‖xn − zn‖ = 0.
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Clearly,
‖xn+1 − xn‖ = (1− βn)‖xn − zn‖ → 0, as n→∞. (3.7)
Since limn→∞ ‖xn − Tixn‖ = 0, i = 1, 2, . . . ,N − 1, we have∥∥x1n − xn∥∥ = αn1‖xn − T1xn‖ → 0, as n→∞,∥∥x2n − x1n∥∥ = αn2 ∥∥x1n − T2x1n∥∥
≤ αn2
(
2
∥∥x1n − xn∥∥+ ‖xn − T2xn‖)→ 0, as n→∞,
...∥∥xN−1n − xN−2n ∥∥ = αnN−1 ∥∥xN−2n − TN−1xN−2n ∥∥
≤ αnN−1
(
2
∥∥xN−2n − xn∥∥+ ‖xn − TN−1xn‖)→ 0, as n→∞.
(3.8)
In light of (3.7) and (3.8), we find
lim
n→∞
∥∥xin − xjn∥∥ = 0, ∀i, j ∈ Λ.
Since xn+1 − xn = αn(u− xn)+ γn
(
TNxN−1n − xn
)
and infn γn > 0, we obtain∥∥xn − TNxN−1n ∥∥ ≤ 1γn ‖xn+1 − xn‖ + αnγn ‖u− xn‖ → 0 as n→∞.
Consequently, we get
‖xn − TNxn‖ ≤
∥∥xn − TNxN−1n ∥∥+ ∥∥TNxN−1n − TNxn∥∥
≤ ∥∥xn − TNxN−1n ∥∥+ ∥∥xN−1n − xn∥∥ ,
i.e.,
lim
n→∞ ‖xn − TNxn‖ = 0.
Step 3. lim supn→∞〈u− z, j(xn − z)〉 ≤ 0, where z ∈
⋂N
i=1 Fix(Ti).
Define T :=∑Ni=1 µiTi,µi ∈ (0, 1), i ∈ Λ and∑Ni=1 µi = 1. From Lemma 2.2, we know that T : K → K is a nonexpansive
mapping and Fix(T ) =⋂Ni=1 Fix(Ti). Since limn→∞ ‖xn − Tixn‖ = 0, i ∈ Λ, we have
‖xn − Txn‖ ≤
N∑
i=1
µi‖xn − Tixn‖ → 0 as n→∞.
From limn→∞ ‖xn−Txn‖ = 0, it follows that there exists a positive number N such that tn = max
{√‖xn − Txn‖, 1n}, n > N .
Obviously, we find
lim
n→∞
‖xn − Txn‖
tn
= 0. (3.9)
Since zt is a unique solution of the equation zt = tu+ (1− t)Tzt , we can write
ztn − xn = tn(u− xn)+ (1− tn)(Tztn − xn).
Using Lemma 2.4, we get
‖ztn − xn‖2 ≤ (1− tn)2‖Tztn − xn‖2 + 2tn〈u− xn, j(ztn − xn)〉
≤ (1− tn)2(‖Tztn − Txn‖ + ‖Txn − xn‖)2 + 2tn〈u− xn, j(ztn − xn)〉
≤ (1+ t2n )‖ztn − xn‖2 + (1− 2tn + t2n )‖xn − Txn‖(2‖ztn − xn‖ + ‖xn − Txn‖)+ 2tn〈u− ztn , j(ztn − xn)〉.
Thus
〈u− ztn , j(xn − ztn)〉 ≤
tn
2
‖ztn − xn‖2 +
(1+ t2n )‖xn − Txn‖
2tn
(2‖ztn − xn‖ + ‖xn − Txn‖).
From the fact that {xn}, {ztn} and {Txn} are bounded and (3.9), it implies that
lim sup
n→∞
〈u− ztn , j(xn − ztn)〉 ≤ 0. (3.10)
We know that
〈u− z, j(xn − z)〉 = 〈u− z, j(xn − z)− j(xn − ztn)〉 + 〈u− ztn , j(xn − ztn)〉 + 〈ztn − z, j(xn − ztn)〉. (3.11)
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Noting the hypothesis that ztn → z ∈ Fix(T ) =
⋂N
i=1 Fix(Ti), n → ∞, and the fact that {xn} is bounded and the duality
mapping j is norm-to-weak∗ uniformly continuous on bounded subset of E, we have
〈z − ztn , j(xn − ztn)〉 → 0, n→∞,
and
〈u− z, j(xn − ztn)− j(xn − z)〉 → 0, n→∞.
Consequently, from (3.10), (3.11) and the two results mentioned above, we obtain
lim sup
n→∞
〈u− z, j(xn − z)〉 ≤ 0. (3.12)
Step 4. The sequence {xn} converges strongly to z ∈⋂Ni=1 Fix(Ti).
From Lemma 2.4 and (3.2), it implies that
‖xn+1 − z‖2 ≤
∥∥βn(xn − z)+ γn (TNxN−1n − z)∥∥2 + 2αn〈u− z, j(xn+1 − z)〉
≤ (1− αn)‖xn − z‖2 + 2αn〈u− z, j(xn+1 − z)〉. (3.13)
Therefore, combining Lemma 2.5 with (3.12) and (3.13), we get that limn→∞ ‖xn − z‖ = 0. 
Theorem 3.2. Let {Ti : i ∈ Λ} and {zt} be as the assumption of Theorem 3.1. Assume that real sequences {αni : i =
1, 2, . . . ,N − 1}, {αn}, {βn} and {γn} in (0, 1) satisfy the conditions (C1) and (C3):∑∞n=1 αni < ∞, i = 1, 2, . . . ,N − 1.
For any x1 = x01 ∈ K , the sequence {xn} is defined by (3.1). Then the sequence {xn} converges strongly to a fixed point q of TN .
Proof. Adopting the same proof as Theorem 3.1, we get the results (3.2)–(3.7).
Since limn→∞ αni = 0, i = 1, 2, . . . ,N − 1, we have
lim
n→∞
∥∥xin − xi−1n ∥∥ = limn→∞αni ∥∥xi−1n − Tixi−1n ∥∥ = 0, i = 1, 2, . . . ,N − 1. (3.14)
In light of (3.7) and (3.14), we find∥∥xin − xn∥∥ ≤ ∥∥xin − xi−1n ∥∥+ ∥∥xi−1n − xi−2n ∥∥+ · · · + ∥∥x1n − xn∥∥→ 0, i = 1, 2, . . . ,N − 1.
Thus
lim
n→∞
∥∥xin − xjn∥∥ = 0, ∀i, j ∈ Λ.
Adopting the same argument, we obtain
lim
n→∞ ‖xn − TNxn‖ = 0.
Next, we show that lim supn→∞〈u − q, j(xn − q)〉 ≤ 0, where q ∈ Fix(TN). Since limn→∞ ‖xn − TNxn‖ = 0, by using the
similar argument as step 3, we get
lim sup
n→∞
〈u− q, j(xn − q)〉 ≤ 0. (3.15)
From (3.1), it implies that for each i = 1, 2, . . . ,N − 1,∥∥xin − q∥∥ ≤ (1− αni) ∥∥xi−1n − q∥∥+ αni ∥∥Tixi−1n − q∥∥
≤ ∥∥xi−1n − q∥∥+ αniMi,
whereMi =
∥∥Tixi−1n − q∥∥. Therefore, we get
∥∥xN−1n − q∥∥ ≤ (1− αnN−1)‖xn − q‖ + N−1∑
i=1
αniMi. (3.16)
Using Lemma 2.4 and (3.16), we have
‖xn+1 − q‖2 ≤
∥∥βn(xn − q)+ γn (TNxN−1n − q)∥∥2 + 2αn〈u− q, j(xn+1 − q)〉
≤ (βn ∥∥xn − q‖ + γn‖xN−1n − q∥∥)2 + 2αn〈u− q, j(xn+1 − q)〉
≤ (1− αn)‖xn − q‖2 +M
N−1∑
i=1
αni + 2αn〈u− q, j(xn+1 − q)〉, (3.17)
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whereM = supn
{(
2‖xn − q‖ +M ′∑N−1i=1 αni)M ′},M ′ = max{M1,M2, . . . ,MN−1}. Therefore, combining Lemma 2.5 with
(3.15) and (3.17), we get that limn→∞ ‖xn − q‖ = 0. 
Remark 3.1. If the condition (C2) is replaced by the condition (C3) in Theorem 3.1, then the sufficient and necessary
condition limn→∞ ‖xn− Tixn‖ = 0, i = 1, 2, . . . ,N− 1 can be relaxed into lim infn→∞ ‖xn− Tixn‖ = 0, i = 1, 2, . . . ,N− 1.
Remark 3.2. Theorems 3.1 and 3.2 are significant generalization and extension of the results of Ceng, Cubiotti and Yao [6,
Theorem 3.1] and Takahashi and Shimoji [15, Theorem 3.4] as follows:
(i) The conditions limn→∞
αn−1
αn
= 1 and sup{‖xn − Qy‖/ϕ(‖xn − Qy‖) : xn 6= Qy} <∞ are removed.
(ii) Banach space which is reflexive and has a weakly sequentially continuous duality mapping Jϕ with gauge function ϕ is
not required.
(iii) The sufficient and necessary condition limn→∞ ‖xn − Tixn‖ = 0, i = 1, 2, . . . ,N can be replaced with limn→∞ ‖xn −
Tixn‖ = 0, i = 1, 2, . . . ,N − 1, and for i = 1, 2, . . . ,N − 1, the condition∑∞n=1 |αn+1i − αni| < ∞ can be replaced
with limn→∞ |αn+1i − αni| = 0.
Furthermore, our method of proof, which is different from the earlier method, is of independent interest.
Remark 3.3. If Banach space E is uniformly smooth in Theorem 3.1, then we get from [20, Lemma 2.6] that the sequence
{xn} converges strongly to a common fixed point z of⋂Ni=1 Fix(Ti), where z = QF (u) and QF : K →⋂Ni=1 Fix(Ti) is the unique
sunny nonexpansive retraction.
From Theorem 3.2, we obtain the following result:
Corollary 3.1. Let T : K → K be a nonexpansive mappings such that Fix(T ) 6= ∅. Assume that {zt} converges strongly to a fixed
point z of T as t → 0, where zt is the unique element of K which satisfies zt = tu+ (1− t)Tzt for any u ∈ K . Assume that real
sequences {αn}, {βn} and {γn} in (0, 1) satisfy the conditions (C1). For any x1 = x1 ∈ K, the sequence {xn} is defined by
xn+1 = αnu+ βnxn + γnTxn, n ≥ 1. (3.18)
Then the sequence {xn} converges strongly to a fixed point z of T .
Theorem 3.3. Assume that for each i ∈ Λ, Qi : K → Ki is a finite family of nonexpansive retraction such that ⋂Ni=1 Ki 6= ∅.
Assume that {zt} converges strongly to a fixed point z of a nonexpansive mapping S as t → 0, where zt is the unique element of
K which satisfies zt = tu+ (1− t)Szt for any u ∈ K . Assume that real sequences {αni : i = 1, 2, . . . ,N − 1}, {αn}, {βn} and {γn}
in (0, 1) satisfy the conditions (C1) and (C2). For any x1 = x01 ∈ K, the sequence {xn} is defined by{
xin = (1− αni)xi−1n + αniQixi−1n , i = 1, 2, . . . ,N − 1,
xn+1 = x0n+1 = xNn = αnu+ βnx0n + γnQNxN−1n , n ≥ 1. (3.19)
Then the sequence {xn} converges strongly to a common element z of {Ki : i ∈ Λ} if and only if limn→∞ ‖xn − Qixn‖ = 0,
i = 1, 2, . . . ,N − 1.
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